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ESTIMATING THE RANGE OF APPLICABILITY OF THE 

HYPERBOLIC THERMAL CONDUCTIVITY EQUATION 

K. V. Lakusta and Yu. A. Timofeev UDC 536.24.02 

A genera l ized  thermal  conductivity equation is considered.  The geometr ic  dimensions of regions 
in which t empera tu re  fields may be descr ibed  by hyperbolic or  parabol ic  the rmal  conductivity 
equations are  es t imated .  

In the las t  decade wide use has been made of the hyperbolic  thermal  conductivity equation 

02T (x, "~) k OT (x, "0 02T (x, T) (1) 
% O~ ~ 0"~ - -  a Ox 2 

fo r  descr ipt ion of high-Intensity p r o c e s s e s .  In this equation, proposed in [1], T r is the relaxat ion t ime;  a, 
t he rma l  diffusivity coeff icient ;  W = 4 - ~ - r ,  ~, c ,  p, ra te  of propagation of heat ,  the thermal  conductivity,  the 
specif ic  heat ,  and densi ty.  

In a l aye r  of mate r ia l  of thickness l we will cons ider  the mathemat ical  model of the thermal  conductivity 
p roce s s  descr ibed  by Eq. (1) with initial conditions 

7" (x, o) = ,a (x), aT  (x, o) _ % (x) (2) 
0~: 

and boundary conditions 

O T ( ( i - -  I) l, ~) a u + (-- 1)ialz T ((i - -  1) I, x) = (Pc+, (T), i = 1, 2. (3) 
Ox 

The coefficients  a l l ,  ai2 take on the values 0 and 1, depending upon the form of the boundary conditions. 

Following [2], we cons t ruc t  the solution of the sys tem (1)-(3) in the form 

T (x, ~) = ~ A. (T) X~ (x) -k ~ (x, T). (4) 
n=l 

An auxi l iary,  sufficiently smooth function ~(x, T) which reduoes  inhomogeneous conditions to homoge- 
neous is cons t ructed  in a manner  such that 

(x, 0) = ~ (x), 0 ~ ( 4 ,  0) ~2(x), 
0v 

o ~  ( ( i - -  1) l, ~) 
aii ~- (-- 1) i a~2T ((i - -  1) l, T) : ~2+i (~), 

Ox 

F ( ( i - - 1 )  l, "O : O, i : 1 ,  2, 
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w h e r e  

0W (x, r,) 0~  (x, r,) OW (x, ~) 
F (x, r,) = a Ox ~ Or, % Or, z 

The func t ions  {Xn(x)m=l a re  n o r m a l i z e d  e igenfunc t ions  of the fol lowing s p e c t r a l  p r o b l e m :  

OX ((i -- 1) Z) d2X (x) ~_ I~X (x) = 0, ~ ,  + ( - -  1)~ ~ 2 X  ((i - -  1) l) = 0, i = 1, 2. 
dx z Ox 

The coe f f i c i en t s  An(r) a r e  def ined  wi th  the aid of the inf ini te  s y s t e m  

dZA,~ (r,) dA .  (r,) 2 
% - -  + ~ + ~,~aAn (r,) = q~ (x), 

or, 2 dr, 

A,, (O) = dA,, (O) = O, n = 1, 2, . . . ,  
dr, 

l 

q'~ (r,) = S F (x, .c) X,~ (x) dx, 
0 

w h e r e  Pn a re  e igenfune t ions  of p r o b l e m  (5). 

We wr i t e  the c h a r a c t e r i s t i c  equat ion  f o r  Eq.  (6): 

the solut ion  of which  h a s  the f o r m  

__I 2 - -1  v z + r,~ "v + ~ar,~ = 0, 

1 + 6~ 12 I - -  6~/2 
vi = 2r,r , vz 2% ' 

2 6,~ = t -- 4~a%. = 1 -- 4~t]aZW -z. 

Using [31, we ob ta in  the solut ion of s y s t e m  (6): 

j' q~ (s) 62 I'2 {e v ' (~-~)-  e v'(~-~)} ds for 6~ > 0, 
0 

I A~ (r,) = ,  q~ (s) t - -  s exp t - -  r, - :  s Ids  for 6~ = 0, 
, r,r ( 2r,r J 
0 

i 'q~ (s) 216~I 1 / 2 sin 1%1'/2 (r, _ s) as  for 6 .  < 0. 
b 2% 

(5) 

(6) 

(7) 

(8) 

(a) 

Then ,  in g e n e r a l  f o r m ,  we can wr i t e  the so lu t ion  of Eqs .  (1)-(3) as  

T(x ,  r,) = Rp(x,  T )+  Ro(x, z) + Rh(X, r,) + R~o(x, x) + T(X,  r,), 

whe re  
n0--1  

Rp(x, r,)= ~ An(r,)X,  (x) for all  n for which ~ n ~  0, 
n ~  1 

R0 (x, x) = A. o (r,) Xn, (x) if there exists an no such that fin~ = 0, 
?n o 

R h ( X  , r , )=  ~ An(r , )Xn(x  ) forall n ~ m o  forwhieh 6n<O. 
n = n o + l  

We wil l  t e r m  Rp, R0, Rh the p a r a b o l i c ,  t r a n s i t i o n a l ,  and h y p e r b o l i c  c o m p o n e n t s  of the solut ion of Eqs .  (1)- 
(3), whi le  

Rm. (x, r,) = ~ An (r,) X,~ (x) 
n=-4no+ 1 

i s  the r e s idue  of the s e r i e s ,  with the n u m b e r  m 0 be ing  d e t e r m i n e d  f r o m  the condi t ion 

[A,~ (r,) X,~ (x)l < eo 
n = m o + l  
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f o r  a l l  �9 6 [0, ~ ) ,  w h e r e  e 0 i s  an a r b i t r a r i l y  s m a l l  p o s i t i v e  n u m b e r .  Since  Pn -"  ~ a s  n --* ~ ,  Rm0(X, ~) i s  a l s o  
of  a h y p e r b o l i c  c h a r a c t e r .  

We wi l l  use  Eq.  (8) to d e t e r m i n e  the c r i t e r i o n  fo r  a p p l i c a b i l i t y  of the  h y p e r b o l i c  equa t ion  f o r  d e s c r i p t i o n  
of the  t h e r m a l  s t a t e  of a l a y e r  of t h i c k n e s s  I. 

L e t  6 n > 0 f o r a l l n .  In th i s  c a s e  

Wz>4~n2a 2 forall  n ~ -  1, 2 . . . .  , (10) 

and s ince  ~a -"  oo a s  n ~ ~o o b v i o u s l y  Eq .  (10) i s  v a l i d  at  W = oo T h e r e f o r e ,  condi t ion  (10) i s  s a t i s f i e d  wi thin  
the  f r a m e w o r k  of  the p h e n o m e n o l o g i c a l  t h e o r y  of t h e r m a l  c o n d u c t i v i t y .  In t h i s  c a s e  v I = _oo and u 2 -- -/an2a. 

L e t  fin > 0 f o r  a l l  n --- m 0 . Then 

W 2 > 4~oa  ~. (II) 

If the rate of heat propagation in the layer satisfies Eq. (ii), then assuming error  in e 0 for all �9 6 [0, ~), 
the process may be described by the classical thermal conductivity equation. 

Evaluation of Eq. (II) also shows that for any large, but finite heat propagation rate, the hyperbolic 
component will always occur in the solution of Eqs. (1)-(3). Consequently, the question of the applicability of 
the classical thermal conductivity equation must be resolved with consideration of the accuracy required in the 
analysis of the thermal process. 

Let fin < 0 f o r a l l n .  Then 

W a < 4~t ~a 2. (12) 

If the  hea t  p r o p a g a t i o n  r a t e  s a t i s f i e s  cond i t ion  (12), then  to  c a l c u l a t e  the  t e m p e r a t u r e  f i e l d  in the  l a y e r  i t  
i s  n e c e s s a r y  to use  the  h y p e r b o l i c  equa t i on .  Then Rn = R0 = 0. 

F o r  b o u n d a r y  p r o b l e m  I (II) /a n = m r ~ l ,  and f r o m  Eq.  (12) we have  an e s t i m a t e  of the  g e o m e t r i c  d i m e n s i o n s  
of  the r e g i o n  

a 
l <  ~ .2~, 

w h e r e i n  the  t h e r m a l  p r o c e s s  i s  d e s c r i b e d  by  the h y p e r b o l i c  equa t i on .  

F o r  m e t a l s ,  e . g . ,  0 < I < c . 1 0 - 6 m ,  w h e r e  the  c o n s t a n t  c de pe nds  on the type  of m e t a l .  F o r  a l u m i n u m ,  
c o p p e r ,  s t e e l ,  and  i r o n  i t  e q u a l s  0.190,  0.243,  0.068,  0.087,  r e s p e c t i v e l y .  The width  of the r e g i o n  f o r  e s t a b -  
l i s h m e n t  of t h e r m o d y n a m i c  e q u i l i b r i u m  i n c r e a s e s  m a r k e d l y  fo r  p o r o u s  b o d i e s .  Thus ,  fo r  c o r k ,  l < 0 .177 .  
10-2 m .  

Equa t ion  (10) i n d i c a t e s  tha t  if  the  p r o c e s s  i s  d e s c r i b e d  by  a p a r a b o l i c  equa t ion  (W = ~) ,  then the width  of 
the  r e g i o n  w i l l  co inc ide  wi th  the e n t i r e  l a y e r .  

F r o m  Eq .  (11) i t  f o l l ows  tha t  

l >  2nrnoa ~ l i ,  
W 

i . e . ,  to an a c c u r a c y  of e 0 the  c l a s s i c  t h e r m a l  c onduc t i v i t y  equa t ion  can be  e m p l o y e d  f o r  a l a y e r ,  the  g e o m e t r i c  
d i m e n s i o n s  of  which  a r e  no t  s m a l l e r  than l~. If l < l , ,  the  h y p e r b o l i c  equa t ion  m u s t  be  u s e d  to d e s c r i b e  t h e r -  
m a l  p r o c e s s e s .  

F o r  the  c a s e  of b o u n d a r y  p r o b l e m  (1)-(3) the e i g e n n u m b e r s  Pn of Eq .  (5) a r e  de f ined  with  the  t r a n s c e n -  
d e n t a l  equa t ion  

( ai2r ) ( P'n ((z'2 + r ) -'" 
cot ~tnl = t~]' ~z ~, 

The t r a n s i t i o n a l  c o m p o n e n t  of the  p r o b l e m  a p p e a r s  if t h e r e  e x i s t s  a n u m b e r  n o such  tha t  W = 2/an0a, i . e . ,  
i f  W s a t i s f i e s  the  cond i t ion  

cot - -  WI ~, W r 2a (13) 
2a a~2-+-az2 2a ai2-ka= ~W 
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Proceeding  as in the case  of boundary p rob lem I, we obtain: if W = ~ ,  then the p r o c e s s  is essent ia l ly  
pa rabo l i c ;  if W > Win0, where  Win0 - m 0 are  the roo ts  (in o r d e r  of inc reas ing  magnitude) of Eq. (13), then to 

an accuracy  of e the p r o c e s s  may be cons ide red  pa rabo l i c ;  if W < W1, where W~ = minW n, the p r o c e s s  is 
essen t ia l ly  hyperbol ic .  

We will now de te rmine  values of l for  the given boundary p rob l em.  Since the depar ture  of the e igen-  
number s  of the p r e s en t  p rob l em  f rom those of the f i r s t  boundary  p rob lem can be evaluated in the following 
manner :  

~(,) _ ~(m~ = ~,  

where 

I ] o'~E O,  -~ -  for 

2 I '  [ for 

then, using Eq. (Ii), we obtain the inequality 

( W  )-~, (14~ [ 2> "xtn~ 2 a  (~rno 

f rom which it is evident  that  the c l a s s i ca l  t h e r m a l  conductivity equation may be employed for  a layer, the 
d imensions  of which a re  not s m a l l e r  than the quantity 

with the e r r o r  thus introduced not exceeding the value of a o. If the dimensions  of the l aye r  are  l ess  than 13 
the hyperbol ic  equation mus t  be used to study the t h e r m a l  s tate  of the l aye r  to an accuracy  of %. 

Let  e = min (e~ I), e% III)) and m 0 = mo(e). In this case ,  the e s t i m a t e s  obtained indicate that the min imum 
poss ib le  (for an accuracy  of e in the c l a s s i ca l  equation) dimension 13 for  the p rob lem cons idered  is s m a l l e r  
than the min imum poss ib le  l aye r  dimension l for  boundary p rob lem I by the amount 

6 (l) = l~ - -  I3 = 2~a... mo 2ac6~~ , 
W W + 2 a z ~ o  

while the value of the deviation depends on the 
l imi t s  

6 (OE 

heat -exchange  conditions on the l aye r  sur face  and l ies  within the 

] 2 am~ (1 + for 

( ~ i 2 0 ~ 2 2 )  1 / 2 
for ~ t(nI) > 

t/~ o 

F r o m  inequali ty (12) we obtain an e s t ima te  of the region size for  the given boundary p rob l em,  where the 
t h e r m a l  p r o c e s s  in the en t i re  l aye r  is  desc r ibed  by a hyperbol ic  equation 

q < ~ § ~ , (15) 
.J 

whe re 

O, - ~ -  for .(~,2a=)1/2 ~-t, 

(hE 

2l ' 1 for ~t~m)>(zq2cz22)l/2~Jl" 

F r o m  Eqs .  (14), (15) it follows that in just ifying the applicabil i ty of e i ther  the c lass ica l  or  the hyperbol ic  
equation it is n e c e s s a r y  to cons ider  not only the heat propagat ion r a t e ,  but also the c h a r a c t e r  of the in teract ion 
between the body under study and the surrounding medium.  
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